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B-CONVEXITY AND REFLEXIVITY IN BANACH SPACES
BY

DEAN R. BROWN(1)

ABSTRACT. A proof of James that uniformly nonsquare spaces are reflexive
is extended in part to B-convex spaces. A condition sufficient for non-B-con-
vexity and related conditions equivalent to non-B-convexity are given., The follow-
ing theorem is proved: A Banach space is B-convex if each subspace with basis
is B-convex.

0. Introduction. The notion of a B-convex Banach space was introduced by
A. Beck [1], [2] as a characterization of those Banach spaces X having the prop-
erty that a certain strong law of large numbers holds for X valued random variables.

Definition. Let k be a positive integer and € a positive number. X is said
to be k, e-convex if for any {xl,--o,x i, [lx | <1, i=1,.-, k, there is some
choice of signs fl, cee, fk so that ||Ez=l f x| < k(1 —¢). X is said to be
B-convex if it is k, e-convex for some k and e.

Further study of B-convex spaces has been done by R. C. James [6], [7],

D. P. Giesy [5] and C. A. Kottman [8]. Giesy showed that B-convex spaces have
many of the properties of reflexive spaces. James conjectured that all B-convex
spaces are reflexive, and proved the conjecture true for 2, e-convex spaces. Both
James and Giesy proved the conjecture true for B-convex spaces having an uncon-
ditional basis. Kottman extended James’ 2, e-convex proof to a larger subclass,
P-convex spaces. Examples are known of spaces which are reflexive but not
B-convex.

S1 of this paper adopts a part of James’ 2, e-convex theorem to all non-B-con-
vex spaces, presents a condition sufficient for non-B-convexity, and gives related
characterizations of non-B-convex spaces, though the conjecture of James remains
open. $2 proves a theorem on B-convexity and subspaces with basis analogous to
a theorem of Pefczydski on reflexivity and subspaces with basis.

For a Banach space X, U(X) will denote the closed unit ball {x: ||x]| <1} of X.

L. Non-B-convexity. In James’ proof [6] that 2, e-convex spaces are reflexive,
he defines for a Banach space X a sequence of numbers K , and shows that if X

Received by the editors July 7, 1971.

AMS (MOS) subject classifications (1970). Primary 46B10; Secondary 46B05, 46B15.

Key words and phrases. B-convexzty, reflexivity, P-convexxty, uniform-convexity, uni-
formly nonsquare, uniformly non 1( ), geometry of the unit ball, Schauder basis.

a ) This work represents a part of the author’s Ph. D. thesis which was submitted to
the Ohio State University under the helpful direction of Professor David W. Dean.

69 Copyright © 1974, American Mathematical Society



70 D. R. BROWN

is not reflexive then K <2n, and in that case X cannot be 2, e-convex. We will
extend the second step of this result to show that if K is a bounded sequence
then X cannot be B-convex. The numbers K': , to be defined almost the same as
James’ Kn, will be used instead of K". Another condition, which implies that
{K"IQ is bounded, is introduced and is shown to be sufficient for non-B-convexity
by a much simpler proof.

Let X be a Banach space. For each sequence } /; } of continuous linear func-
tionals with unit norms and each increasing sequence of integers {pl, cee, pzn},
let s(pl, cees Dy !/j D denote the set of all x such that, for all k& and i, 3/4 <

(<117 (x) if p,,_ <k<p,. and1<i<m. Let
k 2i{=1 — 2i -2

K(n, {f.}) = lim inf lim inf
1 pl-ooo pz-aoo

.- lim inf inf{|z)|: z € S(p,,..., pZn;{/j})}
p271-’0°
and

:

K, = inf{K(n, i/il): If;ll = 1 for all .

James’ definition of K is similar. It follows from the definitions that K’: <K,

? '
and K < Kn+1 for all n.

Theorem 1.1. If the sequence {K"l} for a Banach space X is bounded, then
X is not B-convex.

Proof. For any positive integer & and any 0 <8 <2 we will show X is not
k, 8-convex by showing there are x,,---, x, € U(X) such that for any choice of
signs &,+++, £, we have “Ei‘;l & x,1l > k(1 - 8). Since the sequence {K'} is
bounded, and monotone, we can choose m such that Kz' m/ K;mzk >1-8/3. Let
[

3m2* = M. Choose p, {/}f where ||/,|| =1, and € such that 0 < p < (K&)28/3K2m,

Ky +p> KM, {/l. D and 0<e< (K;,)28/3(K2'm + Ky). From these inequalities, it
follows that
(K@2m, if;]) - o/ (KM, {f, D)+ >1-8.

As will be described below, it is possible to choose an increasing set of integers
P= ip,.'j: i=1,-..,k;j=1,..-, 2M} having the following properties:

(1) For each i=1,---, k there is u; € S(pi'l,- s bioms {/’. ) such that
fla 1l < K(M, f/;. D+e.

(2) For each choice of signs &;,- -+, ‘fk there is an increasing set of integers
{ol, ceey o4mf C P such that

(2a) (1/k) Efgl «fiui € S(ol, ey O, f/,. 1, and

(2b) any element of S(ol, Oy { /].}) has norm greater than or equal to
K(2m, {/;.D - €.



B-CONVEXITY AND REFLEXIVITY IN BANACH SPACES 71

Let x; = u,/K(M, {fi D+efori=1,..., k. From property (1), |*,|| <1. From
property (2), for any choice of signs £}, -+, &, we have

K(2m, 1f,}) - e
> ——— 1

1 & ¢
I:Z ixi - K(M9 {/,‘)'FE

i=1

which completes the proof except for the choice of P.
The choice of P is rather tedious. Integers are chosen successively in m
blocks of increasing integers:

Py=ip; jri=jr -y kj=1,--., 2M/m}
P2={pi,j:i=l,--~,k;j:(ZM/m)+l,...,4M/m}

P..
Let the k-tuples of signs (£,--, fk) be denoted El, cee, Ezk‘ The integers of
P, are chosen successively in 2k sets of increasing integers P,(E,),---, Pl(Ezk)°
The number of integers in Pl(En) depends on En; as will be shown, four are chosen
for each plus sign in En and eight for each minus sign, so that P, has 6k2® =
2kM/m integers.

Property (2a) is provided by the order of choice of the integers. This order
may be illustrated by supposing E_=(£,,--+,¢,) where §,==1(@#1 ork) and
€, =+1 for i # 1. Suppose for each i=1,:+-, k, the last integers of P\ (& __,)
are p; . (;y The order of choice of integers of PI(E") is shown in Figure 1. The

integ;rs O+, 0, of property (2) for this choice of signs are Pi.ir+1 P1,;(1ye10
Pr.ik)e3® P15 (1yesr The sets P,, P;,-.+, P are chosen in succession by the
same method. The integers 0,,---, 0, for a choice of signs En are in the set
{P,(B),---, P_(E )I. Properties (1) and (2b) are provided by requiring that the
integers chosen satisfy appropriate inequalities at each step.

The proof of Theorem 1.1 is rather tedious. We now present a strengthening of
the condition "{K’: } bounded’’ which will be sufficient for non-B-convexity in a
much simpler way.

Condition 1. For some 0 <¢<1, U(X*) contains a sequence {/7.} such that
forany m > 1 and any choice of signs £,+++, £ there is x € U(X) satisfying

/I.(f].x)>e, j=lyees, m

Theorem 1.2. If a Banach space satisfies Condition 1, then the sequence
{K’:} for that space is bounded.

™ Proof. We will show K’: < 3/4¢ by showing that for f/;.} as asserted in Con-
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Figure 1. Order of choice of P,(=Z )

For order of choice, read down first column, then down second column, etc.

Py itha Py, i+2 Py, ic)es Py, i1)e4

Pn-l.j(n-lm Pn-l.j('n-l)+2 Pﬂ-l.i(n—l)+3 Pn-l.i(n-1)+4

P'n.i('n )+1

Pﬂ,i('ﬂ)+2

Py itmes Poitm)es P, itnyses P, itmss
P"I.i("l)+8

P‘f) +1, j(n+1)+1 P‘rl+l,i(17+l)+2 P‘n+l.j("7+l)+3 P‘rl+l.i("7+1)+4

P, i)+ Py, ik)+2 Py, itk)43 Py, jtkr44

dition 1, and any py,+++, p,, there is y €S(pyyeees p, 5 {/]/"/, 1D and |ly|| <
3/4e. Choose fk, k=1,:+4,p, ,sothatif p,, , <k<p,., 1<i<m,then fk =
(- 1)1, Let y = 3x/4¢, where x is that element asserted by Condition 1.

Theorem 1.3. The following conditions are equivalent to non-B-convexity:

Condition 2. For some 0 <e<1 and any k> 2, U(X¥) contains f,+++, f,
such that for any choice of signs &£,,+++, &, there is x € U(X) satisfying
l;-(fix) Se j=1lyecey ke

Condition 8. For some 0 <e<1 and any k> 2, UX) contains Xpseees X,
such that for any choice of signs {"l, oo, fk there is [ € U(X*) satisfying
/(fjxj)>f9 j= lyeee, k.

Proof. We first show non-B-convexity implies Condition 2. Choose any 0 <¢<1.
For a given k> 2 choose 8 such that k-1 + ¢ < k(1 - 28). Since X is not B-con-
vex, by [5, Theorem II-3], X* is not B-convex. Hence there is fj,++, fi, € UX*)
such that for all choices of signs &},+++, &,, ||§'.f.‘=1 .11 > k(1 - 8). Thus, for
each choice of signs there is x € U(X) such that 2k | £.f.(x) > k(1 - 25). If there
were some j such that /’.(fjx) <€ then 2:.;1 fi/i(x) <k—1+e<k(1-20).

To prove the converse, suppose X is B-convex and that Condition 2 is satis-
fied. Since X* is also B-convex, by [5, Lemma I-4], lim oo @ k(X *) = 0, where
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1 k
a,(X*) = sup %inf I ) IR FEIEE ITRTTIN ‘fk =t 1%: fyresfi € UX®)
i=1

and we may choose k so that a k(X*) <¢. Therefore, for fi,++-, f, asserted by
Condition 2 there is some choice of signs such that “2;;[ f,. f;I| < ke. But by Con-
dition 2, /,.({",.x) > ¢, so that 2;‘:1 f,. /,.(x) > ke and uz;;, tfi /;Il > ke which is a con-
tradiction.

Condition 3 may be shown equivalent to non-B-convexity by similar proofs.
Corollary 1.4. If a Banach space satisfies Condition 1 it is not B-convex.

We do not know whether nonreflexivity implies § K"‘ } bounded or Condition 1.
There is however a large class of nonreflexive, non-B-convex spaces satisfying
Condition 1, listed in the following easily proved proposition.

Proposition 1.5. The Banach spaces c, 1, and all spaces containing ¢, or 1,
satisfy Condition 1.

2. B-convexity and basis. It is known that a Banach space is reflexive if each
subspace with basis is reflexive [9]. In this section we show that a Banach space
is B-convex if each subspace with basis is B-convex.

As usual we say that ¥xi }C X is a basis for X if for each x € X there is a
unique sequence of numbers {a,} so that lim__ ||2:'=1 a;x; — x| =0. It is well
known that {x,} is a basis for X if there is some number & so that for any integers
n and ¢ and any sequence of numbers fai¥ we have

n+q

2 g% |

i=1

<k

n
2 4%
i=1

We will prove the main theorem of this section by constructing a basic sequence
in an arbitrary non-B-convex space in such a way that the span of this sequence
is not B-convex. The technique for construction of this basic sequence is an adap-
tion of the method of Day [3] and Gelbaum [4]. It relies on the following lemmas:

Lemma 2.1. If X is finite dimensional, for any € > 0 there is .10, CUx®)
such that, for any x,

Ixll <1+ €) maxif,(x):i=1, ..., n}

Lemma 2.2, If {/7_, C X*and Y = Nz, f:l(O), then Y is a space of
finite codimension in X; that is, there is a finite dimensional subspace Z so that

X=Y®Z.

Theorem 2.3. If X is not B-convex it contains a subspace with basis not
B-convex.
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Proof. Let {5,1be a sequence of positive numbers less than one tending to
zero. Let {k }be a sequence of integers tending to infinity. Let p(0) =0, p(m) =
2:"31 k., m=1,2y::..

The subspace to be constructed will be the closed span of a sequence {x, 1
having the following properties:

1) thete 1s a sequence fe } tending to zero so that for each m=1, 2,-.., the

space [x Je(m 1 is an € isometric image of 11 , in particular,

-p(m-l)+
p(m) p(m) p(m)
(i-¢) X lal < X 4xf< X l2,].
i=plm=1)+1 i=p(m=1)+1 i=p(m=-1D+1
(2) For any {ai }, 7y g,

n n+q 1

2a <B+8 )13 a;x, |-

i=1 i=1

Property (1) shows that the subspace is not B-convex, and property (2) shows
that {x;} is a basis.

For {8,1, {k,1 as above there are {¢,}, {n,} such that

(3) ¢, —0.

(4 11 <n<p(1) then (1+7,)/(1 €)1+ .

(5) If p(m) <n < p(m + 1) then

Lo, +Q4n, +0,,0/0-¢,,1)<3+3,.

[xi]{.’i'l") will be denoted by L, ,. {x,1 will be constructed in blocks by in-
duction on m. In the induction step, from a previously constructed subspace

Am-l’ {x 1 (p()m 1)41 Vill be chosen satisfying (1). Then a subspace A of

A 1 of finite codimension in X, will be constructed so that A_N L =0
Mme m p(m)

and the projection P : A & Loy = Lp(m) Satisfies P, <1+n_. Finally (2)

will be proved.
Let m = 1. Since X is-not B-convex, we can choose fx }kl_p(” C U(X) sat-
isfying (1). To construct A, choose {, ) c U(L¥ ;) by Lemma 2.1 and extend

them to X without increase of norm so that if x€ Lp(l)’

el < (v ) maxt/ ) i= 1, -, g(DL.

Let 1\l = nf__(.%) f; L), By Lemma 2.2, A, is of finite codimension in X, and
(1) ®A - L,y To see that
P, <1 + 7, we have forany x €L, )\ €A, and some i=1,--., (1),
PG+ M = [lxll <+ 7)) () = (1 +9)f(x+ 2 <A+ 9)]x+ /\”

Now suppose we have {x; }fg) satisfying (1), {f; ¥‘i’i'l’"” C U(X*), and for

L,yyn A =0, so there is a projection P;: L
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n=1,2,c00,m=1, A = nlqi;') 7 1(0), such that [Pl <1+n, where P: A &
Lp(n) — Lp( ) Since A _ is of finite codimension in X, by [5, Theorem 2.12],
it is not B-convex so that there are {x; }1 p(m 1941 C UA,,_,) satisfying (1). By

Lemma 2.1 choose {f; if‘;"(’m 141 C U(X*) so that if x € Loy

lxll < 1+ 7,) maxif(x): i=glm-1)+1,..., gq(m)}.

Let A n‘I("’) f; 1(0). Then exactly as in the m=1 case, L NA_ =0 and
1Pl < <1+ M
To show (2) holds we first observe, for any a. i i=1,2y000,

A JEED 6, | S W m ISP 0, forany g=1, 2,10+, since [P,

b(m)

Sl+q,.
Further, we observe
B. If p(m —1) <n < p(m) then

n 1 p(m)
z a.x. || < a.x. |,
11 - l—f 1t
i=p(m-1)+1 m li=p(m=1)+1
since
n n p(m) 1 p(m)
Z a.x; < z |“,’| < Z |a,‘|5 Z ax; |
i=p(m=1)+1 i=p(m~1)+1 i=p(m~1)+1 L-€, liptmo1)+1

using the inequalities of (1).

(2) can be proved in four cases as follows:

Case 1. 1 <n<n+q<p(l). Using B, with m = 1, and (4) we obtain
122, a; %, 1 <@+ )274 a x |.

Case 2 1<n< p(l) <n + q. The above inequality can be:proved using
B and A, where m = 1, and (4).

Case 3. There is m so that p(m) <n <n+q < p(m + 1). Inequality (2) can
be proved by using A, B with m replaced by m + 1, and (5).

Case 4. There is m so that p(m) <n < p(m + 1) <2 + q. Inequality (2) can be
proved by using A, B with m replaced by m + 1, A with m replaced with m + 1,
and (5).
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